Notes on Hong's conjectures of real number power LCM matrices  by Li, Mao
Journal of Algebra 315 (2007) 654–664
www.elsevier.com/locate/jalgebra
Notes on Hong’s conjectures of real number power
LCM matrices
Mao Li 1
School of Mathematics and Statistics, Southwest University, Chongqing 400715, PR China
Received 25 September 2006
Available online 18 May 2007
Communicated by Eva Bayer-Fluckiger
Abstract
Let e be a real number and S = {x1, . . . , xn} be a set of n distinct positive integers. The set S is said to
be gcd-closed (respectively lcm-closed) if (xi , xj ) ∈ S (respectively [xi , xj ] ∈ S) for all 1 i, j  n. The
matrix having eth power [xi, xj ]e of the least common multiple of xi and xj as its i, j -entry is called the
eth power least common multiple (LCM) matrix, denoted by ([xi, xj ]e) (or abbreviated by ([S]e)). In this
paper, we show that for any real number e  1 and n  7, the power LCM matrix ([xi, xj ]e) defined on
any gcd-closed (respectively lcm-closed) set S = {x1, . . . , xn} is nonsingular. This confirms partially two
conjectures raised by Hong in [S. Hong, Nonsingularity of matrices associated with classes of arithmetical
functions, J. Algebra 281 (2004) 1–14]. Similar results are established for reciprocal real number power
GCD matrices.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let S = {x1, . . . , xn} be a set of n distinct positive integers and f be an arithmetical func-
tion. Let [f (xi, xj )] denote the n × n matrix having f evaluated at the greatest common divisor
(xi, xj ) of xi and xj as its i, j -entry and (f [xi, xj ]) denote the n × n matrix having f evalu-
ated at the least common multiple [xi, xj ] of xi and xj as its i, j -entry. The set S is said to be
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is factor-closed. In [23], Smith considered the determinant of the matrix [f (xi, xj )] on a factor-
closed set S. It was shown to be the product
∏n
k=1(f ∗ μ)(xk), where μ is the Möbius function
and f ∗μ is the Dirichlet convolution of f and μ (see [2]). In 1972, Apostol [1] extended Smith’s
result. McCarthy in [22] generalized Smith’s and Apostol’s results to the class of even functions
(mod r). Then Bourque and Ligh [5,6] extended Smith’s and Apostol’s and McCarthy’s results
to certain two-variable arithmetical function. Hong [13] improved the lower bounds for the de-
terminants of matrices introduced by Bourque and Ligh while Hong [14] extended the results of
Smith, of Apostol, of McCarthy, and of Bourque and Ligh.
Let e be a real number. The matrix having eth power (xi, xj )e of the greatest common divisor
of xi and xj as its i, j -entry is called the eth power greatest common divisor (GCD) matrix,
denoted by [(xi, xj )e] (or abbreviated by [(S)e]). The matrix having eth power [xi, xj ]e of the
least common multiple of xi and xj as its i, j -entry is called the eth power least common mul-
tiple (LCM) matrix, denoted by ([xi, xj ]e) (or abbreviated by ([S]e)). The set S is said to be
gcd-closed (respectively lcm-closed) if (xi, xj ) ∈ S (respectively [xi, xj ] ∈ S) for 1  i, j  n.
Clearly a factor-closed set is gcd-closed but not conversely.
One of Smith’s celebrated results states that the determinant of the n × n matrix [(xi, xj )]
on a factor-closed set S is the product
∏n
i=1 ϕ(xi), where ϕ is Euler’s totient function. In [3],
Beslin and Ligh generalized Smith’s result by showing that the determinant of GCD ma-
trix [(xi, xj )] defined on a gcd-closed set S = {x1, . . . , xn} is equal to the product ∏nk=1 αk ,
where αk = ∑d|xk,dxt ,xt<xk ϕ(d). In [4], Bourque and Ligh proved that the determinant of
the LCM matrix ([xi, xj ]) defined on a gcd-closed set S = {x1, . . . , xn} is equal to the prod-
uct
∏n
k=1 x2kβk , where βk =
∑
d|xk,dxt ,xt<xk g(d), with the arithmetical function g defined by
g(m) = 1
m
∑
d|m dμ(d). In [4], Bourque and Ligh conjectured that the LCM matrix ([xi, xj ])
on a gcd-closed set S = {x1, . . . , xn} is nonsingular. In [9,10,12], by introducing the concept of
greatest-type divisor to give a greatly reduction for the formula of determinant of the LCM ma-
trix on a gcd-closed set, Hong proved that the Bourque–Ligh conjecture is true when n 7 and
is not true when n 8. It is also remarked that the Bourque–Ligh conjecture is proved to be true
for certain class of gcd-closed sets (see [11]). In [19], Hong and Loewy initiated the study of
eigen structure of power GCD matrices while Hong and Lee [21] investigated the eigen structure
of reciprocal power LCM matrices.
In the end of [14], Hong conjectured that if t is a given positive integer and n is any positive
integer, then there is a positive integer k(t) depending only on t such that the power LCM matrix
([xi, xj ]t ) defined on any gcd-closed set S = {x1, . . . , xn} is nonsingular if n k(t). But for n
k(t) + 1, there exists a gcd-closed set S = {x1, . . . , xn} so that the power LCM matrix ([xi, xj ]t )
defined on S is singular. Hong [14] noted that k(t)  7 for any integer t  2. In [15], Hong
provided an interesting result to the above conjecture. Actually Hong [15] showed that if t is
a positive integer and S = {x1, . . . , xn} is a gcd-closed set satisfying maxx∈s{ω(x) 2}, where
ω(x) denotes the number of distinct prime factor of x, then the power LCM matrix ([xi, xj ]t ) on
S is nonsingular. Cao [7,8] proved that for any given integer t  2, if n 8, then the power LCM
matrix ([xi, xj ]t ) defined on any gcd-closed set S = {x1, . . . , xn} is nonsingular. Very recently,
Hong and Shum as well Sun [20] obtain several results about this conjecture. For the real number
power LCM matrix, Hong [16] proposed the following conjectures.
Conjecture 1.1. Let e = 0 and let S = {x1, . . . , xn} be a gcd-closed set such that every element
in S is an odd number. Then the power LCM matrix ([xi, xj ]e) on S is nonsingular.
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in S is an odd number. Then the power LCM matrix ([xi, xj ]e) on S is nonsingular.
Recently, Hong and Lee [21] proved that if e is a positive real number, then the reciprocal
power LCM matrix ( 1[xi ,xj ]e ) defined on any set S = {x1, . . . , xn} of n distinct positive integers is
positive definite. From this we deduce that Conjectures 1.1 and 1.2 are both true when e < 0. In
this paper, we consider the nonsingularity of the positive real number power LCM matrices. We
show that for any real number e 1, if n 7, then the power LCM matrix ([xi, xj ]e) defined on
any gcd-closed set S = {x1, . . . , xn} is nonsingular. This implies that the above Conjectures 1.1
and 1.2 are true if e  1 and n  7. Finally, similar results are established for reciprocal real
number power GCD matrices. The present paper depends on Hong’s methods developed in his
previous papers [9–12,15–18], in particular, depended heavily on [9,10,12,16–18].
2. Preliminary lemmas
Throughout this paper, we always let e  1 be any given real number. Let the set S =
{x1, . . . , xn} of n distinct positive integers be gcd-closed and 1 x1 < · · · < xn. Let |A| denote
the cardinality of any finite set A.
Lemma 2.1. (See [14].) Let f be a semi-multiplicative function and f [t, r] denote f evaluated
at the least common multiple of t and r . If S = {x1, . . . , xn} is gcd-closed, then
det
(
f [xi, xj ]
)= n∏
k=1
[
f (xk)
]2
α
S, 1
f
(xk)
where
αS,f (xk) =
∑
d|xk,dxt ,xt<xk
(f ∗ μ)(d).
Definition 2.1. (See[10,12].) Let T be a set of distinct positive integers. For any a, x ∈ T
and a < x, we say that a is the greatest-type divisor of x in T , if a | x and it can be deduced
that y = a from a | y | x, y < x and y ∈ T .
For example, T = {1,2,3,4,5,6,8,12}. Then 4 and 6 are the greatest-type divisors of 12
in T and 1 is the greatest-type divisor of 2 in T .
Let T be a set of positive integers and x ∈ T . We define GT (x) to be the set of all greatest-
type divisors of x in T . Namely, we have GT (x) := {a ∈ T : a | x, a < x and [a | y | x,
y < x and y ∈ T ] ⇒ y = a}.
Lemma 2.2. (See [16].) Let f be an arithmetical function and S = {x1, . . . , xn} be a gcd-closed
set. Then for any x ∈ S, we have
αS,f (x) =
∑
J⊂GS(x)
(−1)|J |f (gcd(J ∪ {x})).
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defined on a gcd-closed set S = {x1, . . . , xn} is equal to ∏x∈S x2eαS,e(x), where
αS,e(x) =
∑
J⊂GS(x)
(−1)|J |
(gcd(J ∪ {x}))e . (2.1)
Proof. Let f (x) = xe. Then the result follows immediately from Lemmas 2.1 and 2.2. 
Definition 2.2. (See [9,18].) Let T be a set of n distinct positive integers and 1 r  n − 1 be
an integer. We say that T is a 0-fold gcd-closed set if T is gcd-closed. We say that T is an r-fold
gcd-closed set if there is a divisor chain R ⊆ T with |R| = r such that max(R)|min(T \ R) and
the set T \ R is gcd-closed.
In what follows we let l = lcm(S).
Definition 2.3. Let S = {x1, . . . , xn}. Then the reciprocal set of S, denoted by lS−1, is defined by
lS−1 :=
{
l
x1
, . . . ,
l
xn
}
.
Definition 2.4. Let r  0 be an integer. The set S is called r-fold lcm-closed if its reciprocal set
lS−1 is r-fold gcd-closed.
3. Some lemmas
In the following lemmas let GS(xk) = {y1, . . . , ym} (1 k  n), where y1 < · · · < ym. Then
GS(x1) = ∅ and GS(xk) = ∅ for k  2. If m 2, we suppose that G = (y1, . . . , ym) and yi = Gy′i
(1  i  m), then 1 < y′1 < · · · < y′m and (y′1, . . . , y′m) = 1. Define M(m) =
⋃m
r=2 M
(m)
r , where
M
(m)
r = {(yi1, . . . , yir ) | 1 i1 < · · · < ir m} (2 r m), and (yi1, . . . , yir ) denotes the great-
est common divisor of yi1, . . . , yir . So G ∈ M(m) and |M(m)|  1. In the following lemmas we
let e 1.
Lemma 3.1. Let positive integer m 2 and e 1. Then αS,e(xk) = 0.
Proof. If m = 1, then αS,e(xk) = 1xek −
1
ye1
by (2.1). Since y1 < xk and the real number e 1, we
have αS,e(xk) < 0.
If m = 2, noting that (y1, y2) = G, then by (2.1) we have
αS,e(xk) = 1
xek
− 1
ye1
− 1
ye2
+ 1
Ge
= 1
xek
+ 1
Ge
(
1 − 1
y′ e1
− 1
y′ e2
)
. (3.1)
Since 1 < y′1 < y′2 and e 1,
1 − 1
y′ e1
− 1
y′ e2
 1 − 1
2e
− 1
3e
 1 − 1
2
− 1
3
> 0.
Thus by (3.1) we have αS,e(xk) > 0. The proof is complete. 
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Proof. Since G ∈ M(m) and |M(m)| = 1, we get M(m) = {G}. Then we have (yi1, . . . , yir ) = G
for any 1 i1 < · · · < ir m (2 r m). It implies that (y′i1, . . . , y′ir ) = 1. By (2.1) we have
αS,e(xk) = 1
xek
−
m∑
i=1
1
yei
+
m∑
r=2
(−1)r
∑
1i1<···<irm
1
Ge
= 1
xek
+ 1
Ge
(
−
m∑
i=1
1
y′ ei
+
m∑
r=2
(−1)r
(
m
r
))
= 1
xek
+ 1
Ge
(
m − 1 −
m∑
i=1
1
y′ ei
)
. (3.2)
Since 1 < y′1 < y′2 and e 1,1 − 1y′ e1 −
1
y′ e2
> 0. For i = 3, . . . ,m, we have 1 − 1
y′ eei > 0. So
m − 1 −
m∑
i=1
1
y′ ei
=
(
1 − 1
y′ e1
− 1
y′ e2
)
+
m∑
i=3
(
1 − 1
y′ ei
)
> 0.
By (3.2) we have αS,e(xk) > 0. This completes the proof. 
Lemma 3.3. If |M(3)| 3 and e 1, then we have αS,e(xk) = 0.
Proof. By Lemma 3.2, we only need to consider the case |M(3)| = 2 and |M(3)| = 3.
If |M(3)| = 2 we may let M(3) = {G,xG}, where x > 1. Then at least one of the three ele-
ments (yi, yj ), 1  i < j  3, is xG, otherwise we get xG /∈ M(3) which is impossible. Since
(y1, y2, y3) = G so exactly one of the three elements (yi, yj ), 1 i < j  3, is xG and the other
two elements are G. By (2.1) we have
αS,e(xk) = 1
xek
−
3∑
i=1
1
yei
+ 1
(xG)e
+ 2
Ge
− 1
Ge
= 1
xek
−
3∑
i=1
1
yei
+ 1
(xG)e
+ 1
Ge
= 1
xek
+ 1
Ge
(
1 + 1
xe
−
3∑
i=1
1
y′ ei
)
. (3.3)
Let (ya, yb) = xG and (ya, yc) = (yb, yc) = G, where 1 a, b, c 3, and a, b and c are distinct.
Since ya, yb are the greatest-type divisors of xk, (y′a, y′b) = x and e 1, we have
1
xe
− 1
y′ e
− 1
y′ e
 1
xe
− 1
(2x)e
− 1
(3x)e
= 1
xe
(
1 − 1
2e
− 1
3e
)
 1
xe
(
1 − 1
2
− 1
3
)
> 0.a b
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y′ ec
> 0. Then
1 + 1
xe
−
3∑
i=1
1
y′ ei
> 0.
By (3.3) we have αS,e(xk) > 0.
If |M(3)| = 3 we may let M(3) = {G,xG,yG}, where 1 < x < y. Then there are two of the
three elements (yi, yj ), 1 i < j  3, such that one is xG, the other is yG. Since (y1, y2, y3) =
G we have (x, y) = 1. So exactly one of the three elements (yi, yj ),1 i < j  3 is xG, one is
yG, and one is G. By (2.1) we have
αS,e(xk) = 1
xek
−
3∑
i=1
1
yei
+ 1
(xG)e
+ 1
(yG)e
+ 1
Ge
− 1
Ge
= 1
xek
−
3∑
i=1
1
yei
+ 1
(xG)e
+ 1
(yG)e
= 1
xek
+ 1
Ge
(
1
xe
+ 1
ye
−
3∑
i=1
1
y′ ei
)
. (3.4)
Let (yu, yr) = xG, (yu, yv) = yG, where 1 u,v, r  3 and u,v, r are distinct. Since yu and
yr are the greatest-type divisors, (y′u, y′r ) = x and e 1. So we derive that
1
xe
− 1
y′ eu
− 1
y′ er
 1
xe
− 1
(2x)e
− 1
(3x)e
= 1
xe
(
1 − 1
2e
− 1
3e
)
 1
xe
(
1 − 1
2
− 1
3
)
> 0.
Since yv is the greatest-type divisor and (y′u, y′v) = y, y′v > y. Then 1ye − 1y′ ev > 0. Hence
1
xe
+ 1
ye
−
3∑
i=1
1
y′ ei
=
(
1
xe
− 1
y′ eu
− 1
y′ er
)
+
(
1
ye
− 1
y′ ev
)
> 0.
By (3.4) we have αS,e(xk) > 0. This completes the proof. 
Lemma 3.4. If |M(4)| 2 and e 1, then we have αS,e(xk) = 0.
Proof. By Lemma 3.2 we only need to consider |M(4)| = 2.
If |M(4)| = 2, we may let M(4) = {G,xG} for some x > 1. So at least one of the six elements
(yi, yj ),1 i < j  4, is xG, otherwise we get xG /∈ M(4) which is a contradiction.
Since (y1, y2, y3, y4) = G, at most three of six elements (yi, yj ),1  i < j  4, are xG,
otherwise we may get (y1, y2, y3, y4) = xG which is impossible. Consider the following cases:
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elements are G. Hence the four elements (yi, yj , yl), 1 i < j < l  4, are G. By (2.1) we have
αS,e(xk) = 1
xek
−
4∑
i=1
1
yei
+ 1
(xG)e
+ 5
Ge
− 4
Ge
+ 1
Ge
= 1
xek
−
4∑
i=1
1
yei
+ 1
(xG)e
+ 2
Ge
= 1
xek
+ 1
Ge
(
2 + 1
xe
−
4∑
i=1
1
y′ ei
)
. (3.5)
Since 1 < y′1 < y′2 < y′3 < y′4 and e 1,
2 −
4∑
i=1
1
y′ ei
 2 −
(
1
2e
+ 1
3e
+ 1
4e
+ 1
5e
)
 2 −
(
1
2
+ 1
3
+ 1
4
+ 1
5
)
> 0.
Then by (3.5) we have αS,e(xk) > 0.
Case 2. If at least two of the six elements (yi, yj ),1  i < j  4, are xG, then by
(y1, y2, y3, y4) = G we know that there do not exist four distinct positive integers a, b, c, d,
1 a, b, c, d  4 such that (ya, yb) = (yc, yd) = xG. So there are the following four cases:
(1) (y1, y2) = (y1, y3) = xG. Then (y2, y3) = xG and the other three elements (yi, yj ) are G.
So we have (y1, y2, y3) = xG and the other three elements (yi, yj , yl),1 i, j, l  4, are G.
(2) (y1, y2) = (y1, y4) = xG. Then (y2, y4) = xG and the other three elements (yi, yj ) are G.
So we have (y1, y2, y4) = xG and the other three elements (yi, yj , yl),1 i, j, l  4, are G.
(3) (y2, y3) = (y2, y4) = xG. Then (y3, y4) = xG and the other three elements (yi, yj ) are G.
So we have (y2, y3, y4) = xG and the other three elements (yi, yj , yl), 1 i, j, l  4, are G.
(4) (y1, y3) = (y1, y4) = xG. Then (y3, y4) = xG and the other three elements (yi, yj ) are G.
So we have (y1, y3, y4) = xG and the other three elements (yi, yj , yl), 1 i, j, l  4, are G.
Then it can be deduced that exactly three of the six elements (yi, yj ), 1 i, j, l  4, are xG,
and the other three elements are G. Hence by (2.1) we have
αS,e(xk) = 1
xek
−
4∑
i=1
1
yei
+ 3
(xG)e
+ 3
Ge
− 1
(xG)e
− 3
Ge
+ 1
Ge
= 1
xek
−
4∑
i=1
1
yei
+ 2
(xG)e
+ 1
Ge
= 1
xek
+ 1
Ge
(
1 + 2
xe
−
4∑ 1
y′ ei
)
. (3.6)i=1
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ya, yb, yc are the greatest-type divisors of xk, {y′a, y′b, y′c} has one element not less than 2x, one
not less than 3x, one not less than 4x. Thus by e 1 we have
2
xe
− 1
y′ ea
− 1
y′ eb
− 1
y′ ec
 1
xe
− 1
(2x)e
− 1
(3x)e
− 1
(4x)e
= 1
xe
(
2 − 1
2e
− 1
3e
− 1
4e
)
 1
xe
(
2 − 1
2
− 1
3
− 1
4
)
> 0.
Now let {y′d} = {y′1, y′2, y′3, y′4} \ {y′a, y′b, y′c}. Then 1 − 1y′ ed > 0. Therefore
1 + 2
xe
−
4∑
i=1
1
y′ ei
=
(
2
xe
− 1
y′ ea
− 1
y′ eb
− 1
y′ ec
)
+
(
1 − 1
y′ ed
)
> 0.
Then by (3.6) we have αS,e(xk) > 0. The proof is complete. 
4. The main results
In this section, we give the main results of this paper. First we give the following result which
confirms Conjecture 1.1 when n 7 and e 1.
Theorem 4.1. Let e 1 be a real number. Then each of the following is true:
(i) If n  7, then the power LCM matrix ([xi, xj ]e) defined on any gcd-closed set S =
{x1, . . . , xn} is nonsingular;
(ii) If n 8, then the power LCM matrix ([xi, xj ]e) defined on any (n − 7)-fold gcd-closed set
S = {x1, . . . , xn} is nonsingular.
Proof. (i) Let S = {x1, . . . , xn} be a gcd-closed set. Without loss of generality, we may let
1  x1 < x2 < · · · < xn. For any given 1  k  n, let GS(xk) = {y1, . . . , ym} be the set of
the greatest-type divisors of xk in S, where y1 < · · · < ym. Then GS(x1) = ∅ and GS(xk) = ∅
(i.e. m 1) for k  2. For m 2, let M(m)r = {(yi1, . . . , yir ) | 1 i1 < · · · < ir m} (2 r m).
Let M(m) =⋃mr=2 M(m)r . Clearly, GS(xk) ⊂ {x1, . . . , xk−1}. It follows from the fact that S is gcd-
closed that M(m) ⊂ {x1, . . . , xk−1}. Since y1, . . . , ym are the greatest-type divisors of xk in S,
GS(xk) ∩ M(m) = ∅. So m + |M(m)| k − 1. Then for m 2, we have
1
∣∣M(m)∣∣ k − m − 1. (4.1)
We claim that αS,e(xk) = 0 for 1 k  7. In what follows we prove the claim.
Let k = 1. Then αS,e(x1) = 1x1e = 0.
Let k = 2 or 3. Then m = 1. It follows from Lemma 3.1 that αS,e(xk) = 0.
Let k = 4. Then by (4.1) we have m 2. It follows from Lemma 3.1 that αS,e(xk) = 0.
Let k = 5. Then by (4.1) we have m  3. If m  2 it follows from Lemma 3.1 that
αS,e(xk) = 0. If m = 3, then by (4.1) we have |M(3)| = 1. It follows from Lemma 3.2 that
αS,e(xk) = 0.
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αS,e(xk) = 0. If m = 3 by (4.1) we have 1  |M(3)|  2. It follows from Lemma 3.3 that
αS,e(xk) = 0. If m = 4 by (4.1) we have |M(4)| = 1. It follows from Lemma 3.2 that αS,e(xk) = 0.
Let k = 7. Then by (4.1) we have m  5. If m  2 it follows from Lemma 3.1 that
αS,e(xk) = 0. If m = 3 by (4.1) we have 1  |M(3)|  3. It follows from Lemma 3.3 that
αS,e(xk) = 0. If m = 4 by (4.1) we have 1  |M(4)|  2. It follows from Lemma 3.4 that
αS,e(xk) = 0. If m = 5 by (4.1) we have |M(5)| = 1. It follows from Lemma 3.2 that αS,e(xk) = 0.
Therefore the claim is proved.
Now let n  7. Then for k,1  k  n, it follows from the claim that αS,e(xk) = 0. Hence
by Lemma 2.3 we have that det([xi, xj ]e) = 0. Namely for any real number e  1 and n  7,
the power LCM matrix ([xi, xj ]e) defined on any gcd-closed set S = {x1, . . . , xn} is nonsingular.
The proof of part (i) is complete.
(ii) Let n  8 and S = {x1, . . . , xn} be an (n − 7)-fold gcd-closed set. Without loss of any
generality we may let x1 < · · · < xn. Then x1| · · · |xn−6 and {xn−6, . . . , xn} is gcd-closed. Ob-
viously we have αS,e(x1) = 1xe1 . For 2  k  n − 6, since GS(xk) = {xk−1}, by (3) we have
αS,e(xk) = 1xek −
1
xek−1
. Hence we have αS,e(xk) = 0 for 1  k  n − 6. Now let n − 5  k  n.
Since {xn−6, . . . , xn} is gcd-closed, we have xn−6|xk . So GS(xk) is equal to the set of greatest-
type divisors of xk in the set Sk := {xn−6, . . . , xk}. Then by (2.1) we have
αS,e(xk) =
∑
J⊂GS(xk)
(−1)|J |
(gcd(J ∪ {xk}))e =
∑
J⊂GSk (xk)
(−1)|J |
(gcd(J ∪ {xk}))e . (4.2)
Note that 2 k −n+ 7 7 since n− 5 k  n. So we have |Sk| 7. Since Sk is gcd-closed,
we can easily deduce from part (i) that
∑
J⊂GSk (xk)
(−1)|J |
(gcd(J ∪ {xk}))e = 0. (4.3)
Then by (4.2) and (4.3) we get that αS,e(xk) = 0 for all n − 5  k  n. Therefore∏n
k=1 αS,e(xk) = 0, thus by Lemma 2.3 we have det([xi, xj ]e) = 0 which implies that the power
LCM matrix ([xi, xj ]e) defined on S is nonsingular. Thus part (ii) is proved. 
Theorem 4.2. Let e 1 be a real number. Then each of the following is true:
(i) If n  7, then the power LCM matrix ([xi, xj ]e) defined on any lcm-closed set S =
{x1, . . . , xn} is nonsingular;
(ii) If n 8, then the power LCM matrix ([xi, xj ]e) defined on any (n − 7)-fold lcm-closed set
S = {x1, . . . , xn} is nonsingular.
Proof. Let S be lcm-closed (respectively (n − 7)-fold lcm-closed). Then by [18, Lemma 2.2]
we know that the reciprocal set lS−1 of S is gcd-closed (respectively (n − 7)-fold gcd-closed).
Since
([S]e)= 1 · diag(xe1, . . . , xen) · ([lS−1]e) · diag(xe1, . . . , xen),l
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respectively. Theorem 4.2 is proved. 
By Theorem 4.2, we know that Conjecture 1.2 holds when n 7 and e 1. Finally, we set up
similar results for the reciprocal power GCD matrices.
Theorem 4.3. Let e 1 be a real number. Then each of the following is true:
(i) If n  7, then the reciprocal power GCD matrix ( 1
(xi ,xj )
e ) defined on any gcd-closed set
S = {x1, . . . , xn} is nonsingular;
(ii) If n 8, then the reciprocal power GCD matrix ( 1
(xi ,xj )
e ) defined on any (n − 7)-fold gcd-
closed set S = {x1, . . . , xn} is nonsingular.
Proof. Since (xi, xj )[xi, xj ] = xixj for all 1 i, j  n, we obtain(
1
(xi, xj )e
)
= diag
(
1
xe1
, . . . ,
1
xen
)
· ([xi, xj ]e) · diag
(
1
xe1
, . . . ,
1
xen
)
. (4.4)
So Theorem 4.3 follows from Theorem 4.1. The proof of Theorem 4.3 is complete. 
Theorem 4.4. Let e 1 be a real number. Then each of the following is true:
(i) If n  7, then the reciprocal power GCD matrix ( 1
(xi ,xj )
e ) defined on any lcm-closed set
S = {x1, . . . , xn} is nonsingular;
(ii) If n 8, then the reciprocal power GCD matrix ( 1
(xi ,xj )
e ) defined on any (n − 7)-fold lcm-
closed set S = {x1, . . . , xn} is nonsingular.
Proof. Clearly Theorem 4.4 follows immediately from (4.4) and Theorem 4.2. So Theorem 4.4
is proved. 
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